We study slant submanifolds of S-manifolds with the smallest dimension, specially minimal submanifolds and establish some relations between them and anti-invariant submanifolds in S-manifolds, similar to those ones proved by B.-Y. Chen for slant surfaces and totally real surfaces in Kaehler manifolds.
Introduction
Slant immersions in complex geometry were defined by B.-Y. Chen as a natural generalization of both holomorphic and totally real immersions [4, 6] . Recently, A. Lotta has introduced the notion of slant immersion of a Riemannian manifold into an almost contact metric manifold [8] . Slant submanifolds of Sasakian manifolds have been studied in [2] and a general view about slant immersions can be found in [3] .
On the other hand, for manifolds with an f -structure, D.E. Blair has introduced S-manifolds as the analogue of the Kaehler structure in the almost complex case and of Sasakian structure in the almost contact case [1] .
The purpose of the present paper is to study slant submanifolds of S-manifolds with the smallest dimension, specially, minimal slant submanifolds. After recalling, in Section 2, some basic ideas of Riemannian geometry, we review, in Section 3, formulas and definitions for metric f -manifolds and their submanifolds, which we shall use later. In Section 4 we prove that the smallest dimension of a slant submanifols in an S-manifold is 2 + s, where s is denoting the number of structure vector fields of the ambient S-manifold (note that s = 0 for Kaehler manifolds and s = 1 for Sasakian manifolds) and we give some characterization theorems for these submanifolds in terms Then, for any X ∈ X (M ), it can be written that 
Slant submanifolds of S-manifolds
Let ( M, g) be a (2m + s)-dimensional Riemannian manifold. Then, it is said to be a metric f -manifold if there exist on M an f -structure f , that is, a tensor field f of type (1,1) satisfying f 3 + f = 0 (see [9] ), of rank 2m and s global vector fields ξ 1 , . . . , ξ s (called structure vector fields) such that, if η 1 , . . . , η s are the dual 1-forms of ξ 1 , . . . , ξ s , then
for any X, Y ∈ X ( M ) and α = 1, . . . , s.
The f -structure f is normal if
Then, M is said to be an S-manifold if the f -structure is normal and
for any α = 1, . . . , s. In this case, the structure vector fields are Killing vector fields. When s = 1, S-manifolds are Sasakian manifolds.
for any X, Y ∈ X ( M ) and any α = 1, . . . , s. Next, let M be a isometrically immersed submanifold of a metric f -manifold M . For any X ∈ X (M ) we write
where T X and NX are the tangential and normal components of fX, respectively. Similarly, for any V ∈ T ⊥ M , we have
where tV (resp., nV ) is the tangential component (resp., the normal component) of fV . Since, from (3.1), the metric g satisfies that g(fX,
, by using (3.4) and (3.5), we get (3.8) for any X, Y ∈ X (M ), U, V ∈ T ⊥ M and, by using (3.5), if the structure vector fields are tangent to M , (3.9)
NT X + nN X = 0, for any X ∈ X (M ). Moreover, in this last case, if M is an S-manifold, from (3.2) and (3.4) it is easy to show that
The covariant derivatives of T and N are given by
Then, by using (3.3), (3.11), (3.12) and Gauss-Weingarten formulas, it can be obtained that (3.14) for any X, Y ∈ X (M ). Now, for later use, we establish two general lemmas for submanifolds of S-manifolds which can be proved from (2.1) and (3.6)-(3.8) by a straightforward computation: 
for any X, Y ∈ X (M ), if and only if: 
for any X, Y ∈ X (M ), if and only if:
The submanifold M is said to be invariant if N is identically zero, that is, if fX ∈ X (M ), for any X ∈ X (M ). On the other hand, M is said to be an
From now on, we suppose that all the structure vector fields are tangent to the submanifold M . Then, M is said to be a slant submanifold if for any x ∈ M and any X ∈ T x M , linearly independent on ξ 1 , . Furthermore, invariant and anti-invariant submanifolds are slant submanifolds with slant angle θ = 0 and θ = π/2, respectively. A slant immersion which is not invariant nor anti-invariant is called a proper slant immersion. Observe that, for invariant submanifolds, T = f and, so
while for anti-invariant submanifolds, T 2 = 0. In fact, we have the following general result whose proof can be obtained by following the same steps as in the case s = 1 (see [2] ): 
Furthermore, in such case, if θ is the slant angle of M , it satisfies that λ = cos 2 θ.
Using (3.1), (3.4), (3.6) and Theorem 3.1, a direct computation gives:
with slant angle θ. Then, for any X, Y ∈ X (M ), we have:
We also have: 
Proof. It is easy to show that {(csc θ)Ne 1 , . . . , (csc θ)Ne m } is a set of m linearly independent vector fields of T ⊥ M , that is, a local basis of T ⊥ M . Moreover, from Corollary 3.1, we obtain that:
In a similar way, by using Theorem 3.1 and Corollary 3.1, we get: 
The basis {e 1 , e 2 , e 3 , e 4 , ξ 1 , . . . , ξ s } is said to be an adapted slant basis.
Slant submanifolds of the smallest dimension
Observe that 2 + s is the smallest dimension of a proper slant submanifold in a metric f -manifold. Indeed, if we denote Q = T 2 and consider the orthogonal decomposition
where M is the distribution spanned by the structure vector fields and L is its complementary orthogonal distribution, then, since T L ⊆ L, Q| L is an endomorphism on L. Furthermore, it is a symmetric endomorphism because, from (3.6), 
Proof. Since L is of odd dimension (equal to 1), from Proposition 4.1 we get λ = 0 and M is an anti-invariant submanifold.
From this corollary, we deduce that there are not proper slant submanifolds of a metric f -manifold of dimension smaller than 2 + s. Now, we are going to study submanifolds of such dimension when the ambient manifold is an S-manifold. First, by using Theorem 3.1, if M is a slant submanifold with slant angle θ, a direct calculation gives
for any X, Y ∈ X (M ), where we recall that
Next, we have the following general characterization: 
There exists a function
Moreover, in this case, if θ is the slant angle of M , then λ = cos 2 θ.
Proof. If M is a slant submanifold with slant angle θ, from Theorem 3.1, we have
for any X ∈ X (M ). Then, Q| L = − cos 2 θI and λ 1 = − cos 2 θ is the only eigenvalue of Q| L at any point of M . Furthermore, Condition 2 is (4.1).
Conversely, let λ 1 (x) be the only eigenvalue of Q| L at any point x ∈ M . Thus, by using Condition 2 we get that λ 1 is a constant. Now, let X ∈ X (M ). If we put
where X ∈ L, then QX = Q X = λ 1 X and, so:
By applying Theorem 3.1 we obtain that M is a slant submanifold and, by (4.1), λ = −λ 1 = cos 2 θ. Similarly:
Corollary 4.2 Let M be a (2+s)-dimensional submanifold of an S-manifold tangent to the structure vector fields. Then, M is a slant submanifold if and only if there exists a function
On the other hand, for any α = 1, . . . , s:
Now, given any Y ∈ X (M ), since locally
we obtain that:
Substituting (4.4)-(4.6) into (4.7) we conclude the proof.
From Lemma 3.1 we get:
Corollary 4.3 Let M be a submanifold of dimension 2+s in an S-manifold, tangent to the structure vector fields. Then, M is a slant submanifold if and only if there exists a differentiable function µ : M −→ [0, 1] such that
for any X, Y ∈ X (M ). Moreover, in this case, if θ is the slant angle of M , then µ = sin 2 θ.
Minimal slant submanifolds of the smallest dimension
For later use, we are going to prove the following lemmas: 
Lemma 5.2 Let M be a (2 + s)-dimensional slant submanifold of an Smanifold M with dim( M ) = 4 + s. Then, ∇N = 0 if and only if M is either an invariant or an anti-invariant submanifold.
Proof. If ∇N = 0, then, by applying (3.14) we get, for any X, Y ∈ X (M ), Conversely, if M is an invariant submanifold, then N = 0 and so, ∇N = 0. Finally, if M is anti-invariant submanifold, then n = 0 and we only need to apply (3.14).
Theorem 5.1 Let M be a (2 + s)-dimensional submanifold of a (4 + s)-dimensional S-manifold M , tangent to the structure vector fields.

If M is a minimal proper slant submanifold of M , then
for any X, Y ∈ X (M ). .7), we obtain (5.5) from (3.14) and (3.9).
Conversely
To prove statement 2, we can choose a unit local vector field e 1 in L, such that
where Hence, a direct computation gives that
for any X, Y ∈ X (M ) and so, by applying Corollary 4.3, we know that M is a proper slant submanifold, with slant angle θ 1 . Finally, to prove that M is also a minimal submanifold, we only need to show that: e 1 ), e 3 ) = (− sec θ 1 )g(σ(e 1 , T e 2 ), e 3 ) and, from (3.14) y (5.5), σ(e 1 , T e 2 ) = nσ(e 1 , e 2 ), which together (3.7) implies: σ
12 . Now, since we have already proved that M is a proper slant submanifold and the chosen basis is an adapted slant one, from Lemma 5.1 we conclude the proof.
Note that (5.5) holds directly in the invariant and anti-invariant cases, since ∇N = 0. On the other hand, the above theorem is the corresponding one to Theorem 5.5 in [6] , proved by B.-Y. Chen for surfaces in 4-dimensional Kaehler manifols.
Next, we want to establish some relations between minimal slant (2 + s)-dimensional submanifolds and anti-invariant submanifolds in S-manifolds. First, we have the following lemma: 
where w 1 , w 2 are the dual forms of e 1 , e 2 .
Proof. Since the local basis is an adapted slant one, then, by using (3.14):
But, from (2.2), (2.4) and applying N , we get:
On the other hand:
nσ(e 1 , e 1 ) = σ Moreover, for any α = 1, . . . , s,
but, by applying (3.9) and (3.10), 
is a metric f -manifold satisfying Consider X ∈ L. Then, we get:
Now, since w 
with X ∈ L. We find, by using (5.19) and (5.22) that:
and, so:
Next, taking into account (5.9) we have:
On the other hand, 
To conclude the proof, we only need to show that U = ∅. If it is not the case, then, in U ,
and so: Note that the above theorem holds, in particular, if
is an S-structure on M because, in such a case, for any X, Y, Z ∈ X ( M ), from (3.3) we find be the usual S-structure on R 4+s (see [7] for more details) given by the following elements 
